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I'rial Higher School Certificate 2001
Time Allowed: 3 hours (plus 5 minutes reading time)
Total Marks: 120
Examiner: Mr R Dowdell, Mr PS Parker
STRUCTIONS:
Attempt all questions.

All questions are of equal value.

All necessary working should be shown in every question. Full marks may not be awarded if
work is careless or badly arranged.
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Year 12 - Mathematics Extension 2 - Trial HSC - 2001

Question 1: Marks
3 dx 2
(a) Evaluate !. :
JO \/9 _ xZ
. ; 2
(d)  Find |x%¢* *7 dx
7 x? +x+2 Ar + B ' 3
( () Express —————— in the form ~———+——,where 4, Band C
(x"+1D(x+1) x*+1 x+1
g are constants.
2
.. x“+x+2
(i1) Hence find f — —dx .
X +D(x+ 1)
@ Using integration by parts or otherwise, evaluate J 2sin™ x dx
0
A 5

NN .
@ \é\y using the substitution x =z — y, or otherwise, evaluate I xsin’ x dx

/)
-/

-
e
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- Mathematics Extension 2 - Trial HSC - 2001
Question 2: START A NEW BOOKLET Marks
= 3 LV viaino
4
(a) +,3_l =a+ib, fora, breal 2
1++/21 ) i
Find the exact values of @ and b.
((B\ Givenzzl—\/gi, 3
-
(i) show that z? is a real multiple of L -
Y z >
) . 1
(1) plot z, z°, — onan Argand diagram.
z
(c) Sketch the region represented by 2
. )
|z| <4 and §<argzs£7—z~.
(1+i+/3)° 072 4
(d) (i) Show that U+ivs) | 25 cis E]
("E—l)k \ 6 7
FETY TAar wrhat crofesae ~LCL 1+ i“6)6 i :
(11) For what values of k is — purely imaginary?
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PP G- NN

@XH P, P and P; are the vertices of an equilateral triangle, show that

¥z, 1+iV3
S — R \Z- 2

s W

(i) Diduce that if z,,z

and deduce that z,” +z,” = 2,2,.

and z

[N

vektices of an equilateral triangle then

2
Lo T s N R
T iy T2y T ZyZ, ¥ Z,Z, +2321
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Year 12 - Mathematics Extension 2 - Trial HSC - 2001 “‘
Question 3: START A NEW BOOKLET Marks
(a) If the curve below represents y = f(x), 12
‘\’= 1 > 9} ‘}
y /
7 \ / Yy = I Ay
// \ //
— \ / >
\ / x
\\//
(1) _4}

make neat sketches, on separate axes, of

@ y=U&y

N ’
o) y=f(%)
(D)) y=r'(®
N\ 2]
b)) Two sidesof a triangle are in the ratio 3:1 and the angles opposite these sides 3

differ by —7,5 Show that the smaller of the two angles is tan"( ! ,._} .

-~

1 i 1
6 \6-+3)
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Marks

3 —i are zeroes of a real, monic polynomial, p(x), of degree 4.

START A NEW BOOKLET

Question 4
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0.

If ZQPR = @, show that the area of APQR is

Hence solve f(x)
Show that / = 2r sina .

(i)
®
(i)

APQR is a triangle inscribed in a circle of radius ». PR has length /, and

ZPOR =



Year 12 - Mathematics Extension 2 - Trial HSC - 2001

Question 5: START A NEW BOOKLET Marks
(a) A mass of m kilograms falls from rest. It experiences resistance during its fall 8
equal to mkv where v is its speed in metres per second and £ 1s a positive
constant. Let x be the distance in metres of the mass from its starting point
measured positively as it falls and ¢ be the time in seconds.
(i} Show that the equation of motion of the mass is ¥ = g —kv where g is
the acceleration due to gravity
(i)  Show that the terminal velocity is -‘?—’ .
(1ii)  Find v as a function of «.
e
W (v F} Find x as a function of ¢.
¥
(b) (1) Inhow many ways can 10 students be grouped into two teams of 5 to 2
play a game of basketball?
(i) Two of the 10 students are twins. If the teams are formed at random,
what is the probability that the twins play on the same team?
(c)))) A group of men and women is seated randomly around a circular table. What 5
M 1s the probability that none of the men are sitting next to each other if there
are

(i) 3 men and 2 women;
(i) 2 men and 3 women;

(ii1) nmenand 7+ 1 women?
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Question 7: START A NEW BOOKLET Marks

()

(a)  Find the value of a given that ( 3) has 13440 as coefficient of x™*
()  » 5
\\\_‘!-/// /“Pt\ ‘4
/ / ><\ Two circles intersect at 4 and B.

/ [, /1 N \ AB is produced to a point C,
( /}V ( ) \ ) / such that CP and CQ are
\\ Ay Y v d = AN 7 —_— NS A cyanmta o tha nuvnlnn Nno ﬂ t\‘vm
\# V ~ \-Clllsclll-b LU LU VIVIVD aAd OilvYYil
; and PBQ is a straight line.
P L S
\ / NOTE: The diagram is not
\ (/ drawn to scale.

C
7N\ o e : 4 £ oI 1 4 11 41 el TNy ala
(1) Express CP in terms of CB and CA, and hence prove that CP = C
(i1} Show that 4, P, C and Q are concyclic

4(,'1"1)
m m m m 7
(¢) Let T'(m,y)= Co C’—+~ o +(-D" Ca_,
N STy y+l y+2 ST y+m
(1) Ifitisgiventhat T'(k,x) = T T for a particular
XX TINX T LJo.. X TA)
value of k, show that
Wi~ P T(k,x)-T(k,x+1)=T(k+1,x)

((/ (11)D)Hence prove, using Mathematical Induction or otherwise, that for

vy m \1

", "¢, |G € !
T(n,x)= - — — + — = e +(—1) — =

x x+1 x+2 x+n  x(x+1)(x+2)..(x+n)

4:"‘

e
M

(NOTE: you may use without proof the result "*'C,="C, +"C,_,)

(1i1) Hence prove that
"C, "C,  "C, e Co 2"n!

4 » f 1Y
T+ T eevenen T LY

1 3 5 2n+1 1.3.5..02n+1)
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START A NEW BOOKLET
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Question 8
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(iii)

Year 12 - Mathematics Extension 2 - Trial HSC - 2001
o P

- | ~ L T LU V{4
Let f(0)=— , 0<f<=
sind 2

1-2cos@

Show that f'(8) = —

sin” @

Find the minimum value of £(4)

from a water well at W, Let M be the midpoint of 4B, P be a point on
the line segment MW, and @ = ZAPM = £LBPM. The two towns are
to be supplied with water from W, via three straight water pipes: P#,
PA and PB as shown below.

IR—__
e —
s ——w

’é=///<\/

A

B 52

e
Y

[
N

Show that the total length of the water pipe L is given
i [ 72 LA 1. 8
— 04, wnen

n —
d

IA

siné <1, where f(8) is given

If d = 20, find the length of MP when L is minimum, and the
minimum value of L.

Show that this minimum value of L is less than the sum of any pair of
sides of AABW.

the same methods as used in part (iii). Explain briefly how to find the

minimum value of L in this case. (Hint: Draw a diagram which
thq 14

END OF PAPER
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Question 5

@ ()

(ii)

(i)

(iv)

(b) ()

(ii)

Taking the downward direction as positive get the following force
equationmx = mg —mkv, the resistance is negative as it OPPOSES the

motion and is therefore directed upwards.
SomX=mg-mkv= X=g—-kv

The terminal velocity is when the net accelerabbthe mass is O ie

x=g-kv=0=V, =g/k.
Taking X—%:ﬂ—g kv
dt  dt

a__ 1 __1f_ -k

v g-kv  klg-kv
1

t=——In|g—-kv|+cC
Inlg—kv

t:O,v=0:>c:%Ing

We can remove the absolute value brackets dimcimitial direction is

Dt———ln
k

. . - kv
positive and it doesn’t come to rest until it lihe ground se——>0
g

g-kv=ge™ :>v=%(l—e‘“‘)
v:g(l—e‘“‘):x:J %(1—e‘“‘)dt

9
x—k£t+ke j c

t=0x=0=¢="7
Dx:g[Hle‘*—Elj

10
If we choose 5 players to form a team, ttas be done irE 5] ways. But

10
the remaining 5 will form the opposing team. Sdebhnre%[ 5j =126
If the twins are on one team then the remainiagnean be formed in

8
[3} = 56 ways. So the probability that the twins are on &neesteam is

56/126= 4 €.



(5)

()

(i)

(ii)

(iii)

There are 4! = 24 ways to arrange eveeywithout restrictions.
However with 3 men and only 2 women there must bepaireof
men sitting next to each other.

Probability = 0.

There are 4! ways to sit everyone down withoutrietsn.
Seat two women down next to each other. This ledves2 ways
to seat the men down and 1 way to sit the otheravom

3
The two women can be chosen[ig] =3 ways. Then the two

women seated together can swap seats
So there ar@x 3x 2= 1z ways. to sit everyone down.

So the probability i42/24= 71 Z.

There are (8!) ways to sit everyone down without restrictions.

Choose two women first and sit them down. Thislaone in
n+1) n(n+1)

P

(n=1)! ways. Then the men can be seated wways.

The two women together can be swapped around.

A total of @xm—l)!x nix2 = (n+1)(n!)?.

ways. The remaining women can be seated in

n+H(nY)* _ (n+1!n!

So the probability i 2n) 2n)
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Question 7

a 10 1 10 10 1 10-r . 10
(a) (\/;+—j =[x2 +ax'1) :Z”C,(ij (ax) =3 (a x"C, )x= "2
X r=0 r=0
To get the coefficient ok™ we needb-3/2=-4=>-3/2=-9=>r1 = ¢
So the coefficient ok™ = a®x*°C, =1344C

a® = 113014(): 64=>a=2
6

(b) ® CP? = ACxBC by the rule for intercepts and tangents.
Similarly CQ* = ACxBC = CP?=CQ?= CP=CQ as CP,CQ > 0)

(i) APQC is isosceles with1CPQ = JCQP = x (base angles of isoA)
OBAP =CPQ = x (alternate segment theorem). SimilafiBAQ = x
So OCAQ = OCPQ both of which stand on chofeQ.
SoA, P, C & Q are concyclic points by the converse of angldhénsame
segment theorem.

(i)  The exterior angld1DAP =180- 2, DAQ is a straight line.
So [ODAC =180-x. NowBADP is a cyclic quad so that
0OBPD + OBAD =180° = BAD =X.

ThusOCPB = [BPD = x = PB bisectsOCPD .

(€)
(1) | T(K)Jb) - T(K) x+1)

- k! _ k!
mckb() (Jc.+t)(>c+;).-.(x.+l<)()c+‘<—£ 1)
k! ()L-}«IC-H) — k! >x
- 5C (_JL-H) R ()C,+K)[X,+K+t)
- (k+1) / = T(K+,) )c)-

dC(x41) O+



7 (i) Testn=1:

I
LHS:T(l,x):E—izl— t _t 1 = RHS
X X+1 x x+1 x(x+1) xXx+1)

So the statement is true for 1
Assume true for some integer k.

. _ k!
ie T(k,x)= X(X+1)(X+2)--- (X +K)

We need to prove the statement is truenferk + 1
(k+1)!

X(X+1)(X+2)--- (X+k)(x+k+1)

LHS =T (k+ 1)
=T(k,x)-T(k,x+1) from (i)
_ (k+1)!
CX(X+D)(X+2)- - (x+K)(x+ K + 1)
=RHS

ie T(k+1,x)=

(i)  Substitutex =1/2 into both sides of the result from (ii) and sinfipli

n ” " ’LC n!
b G L e s e
;'/ T L4y L+ n ;';; “('C 1/
= It
1-3:S- (2a+)
n L n n
ZAty I-3-5- "(Qnﬂ)




. ‘ T L
(g.) \/= '[T S (C— Sln,)(;) 9(4(, ;’
' o
= N Su oL—-Q_csm,)_ + L 4 co>2x ole.
b g
7 p—

— il
— 1
2 1 N
= n ( cx 4 2ccom e +,§/)g -7 Sin Jﬁ—i

:‘N“LC’W —2c +{T—o—(o+g_c_+o_o)j
e [T —we 14T |
\/I=ﬁ(2cﬁ ——9) |
/' =) >o [ _
L2 . 2cu = §z—
- =
T
(b) fe) = 2227 S, 0<6 <X
Sin© Eal
A 2enS et rA
o) = . (b grotint =t)
5M/7L LR e ,{!(9)—;0
cor & & J;/ 9=1/’3 = 3
A & = | 5 1c/<8) >0 M ol
e =12, f®) <o e =4
) —CO'JT . _L .
/@(é} = 4 3 = A% LR



- g <__l_:£272,) L TP eq = 8f) +J Lk
Clearlysind<1
sinez%. Now d = AW = AP (triangle inequality)

Sosin8=i2§
AP d

ie Essinesl
d

L= 20 , = &4@) +s¢L
[_l = 2 '\[{(ﬁ)

K% /‘,,Jf’ (}.i-/ MMA?D# L e
/= €J3 +VY3z¢

= O 2

mp s sl E = L
N P Gl

We can use this value éf because%s sind< 1= sin' (2 5x0<nf .

and clearlyd = 77/3 satisfies this inequality.



Mor e appropriate alter native solution:
We can’t use the same method because avitt® we get

gs sind< 1= sin* (§ 9 &< 77/ - and clearlyd = 77/3 does NOT satisfy this

inequality.

So in this range we have a 1:1 functionliqiyou can quickly show that it is
increasing) so all we need to is test the end paifisin™ (§ 9)< < 77/ 2 ie
substituted = sin™ (§ 9) and & = 77/2 into the formula foL. and take the
minimum value oL resulting.



